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for every k, there exist inﬁnitely many primitive sets of k n-tuples
of positive integers with the same second elementary symmetric
function value and the same product.
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1. Introduction
In 1996, A. Schinzel [3] proved that for every k, there exist inﬁnitely many primitive sets of k
triples of positive integers with the same sum and the same product. In April 2011, the authors [6]
generalized it from triples to n-tuples, i.e., the system of equations
⎧⎪⎪⎨
⎪⎪⎩
xi1 + · · · + xin = A,
xi1 · · · xin = B,
xij > 0, A > 0, B > 0,
i = 1, . . . ,k, j = 1, . . . ,n, n 3,
(1.1)
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divisor of all elements of all n-tuples of S is 1.
In [6], the referee asked whether there exist inﬁnitely many n-tuples of positive integers with
the same sum, the same product, and the same second elementary symmetric function value∑







xi1 · · · xin = B,
xij > 0, A > 0, B > 0,
i = 1, . . . ,k, j = 1, . . . ,n, n 3.
(1.2)
By using the theory of elliptic curves, we prove the following theorem.
Theorem 1.1. For every k, there exist inﬁnitely many primitive sets of k n-tuples of positive integers with the
same second elementary symmetric function value and the same product.
2. Rational points of a family of elliptic curve
In order to prove the theorem, we should study the rational points of a family of elliptic curve and
the method is as used in [3]. For concision, we construct two lemmas in this section, then we give
examples for n = 3 and n = 4.
Lemma 2.1. The system of equations
{
x1x2 + x2x3 + x3x1 = 11,
x1x2x3 = 6, (2.1)
has inﬁnitely many solutions in rational numbers x j > 0, j = 1,2,3.
Proof. From (2.1), we have
x22x
2
3 + (6− 11x3)x2 + 6x3 = 0,
we consider it as a quadratic equation of x2, if it has rational solutions, the discriminant (x3) =
−24x33 + 121x23 − 132x3 + 36 should be a square. Let u = −x3, and v2 = (x3), then we have
v2 = 24u3 + 121u2 + 132u + 36,
taking
y = 648v, x = 216u + 363,
we get
y2 = x3 − 138699x+ 17632134.
Using the package Magama [1], we can get inﬁnitely many rational points on it.
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x1 = 36(x− 363)
y + 33x− 8091 , x2 =
−36(y + 33x− 8091)




this is a solution of (2.1).
In view of x j > 0, j = 1,2,3, we get the condition
x < 363, y + 33x− 8091 < 0.
It’s easy to check the point P = (147,648) lies on this elliptic curve, then, by the package Magama,









where [m] is the isogeny multiplication by m, which is deﬁned by [m](P ) = P + · · · + P (m terms).
In virtue of the theorem of Poincaré and Hurwitz (see [5, Chapter V, p. 78, Satz 11]), the elliptic
curve has inﬁnitely many rational points in every neighborhood of any one of them. The point [3]P
satisﬁes the above condition, then there are inﬁnitely many rational points satisfying
x < 363, y + 33x− 8091 < 0.
Therefore, we can ﬁnd inﬁnitely many solutions in rational numbers x j > 0, j = 1,2,3 satisfy-
ing (2.1). 
In Fig. 1, we display the elliptic curve E: y2 = x3 − 138699x + 17632134 and the lines |y| =
33x − 8091. It is easy to see that if P = (x, y) on E and x < 2697/11, then the point P satisﬁes the
condition
x < 363, y + 33x− 8091< 0,
hence there are inﬁnitely many solutions in rational numbers x j > 0, j = 1,2,3 for (2.1). As an
example, the points















































2 − n − 2
2
,
x1 · · · xn = 2n,
(2.2)
has inﬁnitely many solutions in rational numbers x j > 0 for n 4.
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Proof. Taking x1 = 1, . . . , xn−3 = 1, we have{
(n − 3)xn−2 + (xn−2 + n − 3)(xn−1 + xn) + xn−1xn = n2 + 3n − 7,
xn−2xn−1xn = 2n.
(2.3)
Eliminating xn−2 of (2.3), we get
(




(n − 3)x2n −
(
n2 + 3n − 7)xn + 2n)xn−1 + 2nxn + 2n2 − 6n = 0,
we consider it as a quadratic equation of xn−1, if it has rational solutions, the discriminant (xn) =
(n− 3)2x4n − (2n3 − 24n+ 42)x3n + (n4 + 6n3 − 17n2 − 6n+ 49)x2n − (12n3 − 36n2 + 44n)xn + 4n2 should
be a square. Let u = xn, and v2 = (xn), then we have
Cn: v2 = (n − 3)2u4 −
(
2n3 − 24n + 42)u3 + (n4 + 6n3 − 17n2 − 6n + 49)u2
− (12n3 − 36n2 + 44n)u + 4n2,
noting that the point Q = (0,2n) lies on Cn , if we treat Q as a point at inﬁnity on Cn and use the
method described in [2, p. 77], we can conclude that Cn is birationally equivalent to the elliptic curve
En: y2 −
(
6n2 − 18n + 22)xy − 8(n3 − 12n + 21)ny
= x3 − 4(n − 3)(2n3 − 9n2 + 14n − 6)x2 − 16(n − 3)2n2x+ 64(n − 3)3
× (2n3 − 9n2 + 14n − 6)n2,





(−v − 2n + 3un2 − 9un + 11u),
y = −16n
u3
(−nv − 2n2 + 3un3 − 9un2 + 11un + 2u2n4
− 15u2n3 + 41u2n2 − 48u2n + 18u2),
(2.4)










10368x− 1584y − y2 − 288x2 + 102176xn4 − 143232xn3
+ 120960xn2 − 45504xn5 − 32x2n4 + 240x2n3 − 656x2n2
+ 768nx2 + 128xn8 − 1920xn7 + 12448xn6 − 48n6 y + 504n5 y
− 2240n4 y + 5424n3 y + 22yx− 55296nx− 7496n2 y + 6n2 yx
+ 5520ny − 18nyx+ 2x3).
(2.5)
En is a family of elliptic curves, which is deﬁned over Q. The discriminant of En is
 = 212n2(882n18 − 25137n17 + 307007n16 − 2051478n15 + 7557696n14 − 9761805n13
− 40628049n12 + 222220881n11 − 378549909n10 − 256916457n9 + 2314086549n8
− 3853186119n7 + 229597965n6 + 9559541772n5 − 17922700286n4
+ 16848370539n3 − 8941327065n2 + 2510415072n − 286992882),
and when n 4, we have  = 0, this means that En is nonsingular. Meanwhile, the cubic equation
x3 = 4(n − 3)(2n3 − 9n2 + 14n − 6)x2 + 16(n − 3)2n2x− 64(n − 3)3(2n3 − 9n2 + 14n − 6)n2
has three different integral roots
x1(n) = 8n4 − 60n3 + 164n2 − 192n + 72, x2(n) = 4n2 − 12n = −x3(n).


















x3(n),−16n4 + 144n3 − 400n2 + 432n
)
lie on En .
Note that (2.2) always has solution (1,1, . . . ,1,2,n) or its permutations, according to the map-
ping (2.4), it is easy to check that the points
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(−4n(n2 − 4n + 5),−8n(n − 1)(n − 2)(2n2 − 8n + 9)),
P2 =
(−4n(n2 − 4n + 5),−8n(n − 1)(n − 2)(n2 − 5n + 8)),
P3 =
(−12n2 + 44n − 48,−16(n − 2)(2n − 3)(n2 − 4n + 5)),
P4 =
(−12n2 + 44n − 48,−16(n − 2)(2n − 3)(n2 − 4n + 6))
lie on En . Using the Group Law on elliptic curves, we obtain the points






2n5 − 23n4 + 94n3 − 181n2 + 167n − 57)/(n2 − 3n + 1)2,
8n
(
2n9 − 37n8 + 286n7 − 1234n6 + 3311n5 − 5737n4 + 6343n3
− 4158n2 + 1328n − 120)/(n2 − 3n + 1)3),
where O denotes the point at inﬁnity on En .
To prove that there are inﬁnitely many rational points on En , it is enough to ﬁnd a point on
En with x-coordinate not in Z. When the numerator of the x-coordinate of [2]P1 is divided by
(n2−3n+1)2, the remainder equals r = −4(4n−3)(3n2−6n−2) and r = 0 when n 4. For 4 n 51
one can check that |r|/(n2 − 3n+ 1)2 is not an integer, and that it is nonzero and less than 1 in mod-
ulus for n > 51. Hence for all n  4 the point [2]P1 has nonintegral x-coordinate and hence, by the
Nagell–Lutz Theorem (see p. 56 of [4]), is of inﬁnite order. Then there are inﬁnitely many rational
points on En .
From the mappings (2.4) and (2.5), we have
xn = u = 4n
y
(
x− (8n4 − 60n3 + 164n2 − 192n + 72)),
xn−1 =
(−((n − 3)u2 − (n2 + 3n − 7)u + 2n)− v)/(2(u2 + (n − 3)u))
= (−2n2 + 12n − 18)y − x2 + (8n4 − 60n3 + 160n2 − 180n + 72)x+ 32n6 − 336n5
+ 1376n4 − 2736n3 + 2592n2 − 864n)/(2((n − 3)y + 4nx
− (32n5 − 240n4 + 656n3 − 768n2 + 288n),
then
xn−2 = 2n/(xnxn−1) = y
(
(n − 3)y + 4nx− (32n5 − 240n4 + 656n3
− 768n2 + 288n))/((x− (8n4 − 60n3 + 164n2 − 192n + 72))((−2n2 + 12n − 18)y − x2
+ (8n4 − 60n3 + 160n2 − 180n + 72)x+ 32n6 − 336n5 + 1376n4 − 2736n3
+ 2592n2 − 864n)).
Therefore, (1, . . . ,1, xn−2, xn−1, xn) is a solution of (2.2).
In view of x j > 0, j = 1, . . . ,n, from xn , we have the condition
(1) y > 0, x− (8n4 − 60n3 + 164n2 − 192n + 72) > 0; or
(2) y < 0, x− (8n4 − 60n3 + 164n2 − 192n + 72) < 0.
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y < 0, x < −4n2 + 12n.
In virtue of the theorem of Poincaré and Hurwitz (see [5, Chapter V, p. 78, Satz 11]), En has
inﬁnitely many rational points in every neighborhood of any one of them. Hence we have to ﬁnd a
nontrivial point satisﬁes the condition. Let Q 1 = (4n2 − 12n,32n4 − 144n3 + 208n2 − 96n), by using
the Group Law on elliptic curves, we ﬁnd Q 2 = (−8n(n2 − 3n+ 3),−8n(n− 1)(2n− 3)(2n2 − 7n+ 9))
such that
Q 1 + Q 2 + P3 = O .
Obviously, the point Q 2 satisﬁes the inequality y < 0, x < −4n2 + 12n for n  4. Hence, there are
inﬁnitely many rational points of En satisfying y < 0, x < −4n2 +12n. Therefore, we can ﬁnd inﬁnitely
many solutions in rational numbers x j > 0, j = 1, . . . ,n satisfying (2.2). 
As an example, when n = 4, from the mappings (2.4) and (2.5), we have
x4 = 16(x− 136)
y
, x3 = −2y − x
2 + 120x+ 2176




= y(y + 16x− 2176)
(−2y − x2 + 120x+ 2176)(x− 136) .
Therefore,







−2y − x2 + 120x+ 2176
2(y + 16x− 2176) ,
y(y + 16x− 2176)
(−2y − x2 + 120x+ 2176)(x− 136)
)
is a solution of (2.2) for n = 4.
In Fig. 2, we display the elliptic curve E4, the line y = 2176 − 16x and the parabola y = (−x2 +
120x + 2176)/2. It is easy to see that if (x, y) on E4 and x  −16, we have y < 0, then there are
inﬁnitely many solutions in rational numbers x j > 0, j = 1, . . . ,4 for (2.2). Some calculations show
that the points



































































































2072 Y. Zhang, T. Cai / Journal of Number Theory 132 (2012) 2065–2074Fig. 2. E4: y2 − 46xy − 1184y = x3 − 136x2 − 256x+ 34816, y = 2176− 16x and y = (−x2 + 120x+ 2176)/2.
3. Proof of the theorem
Proof of Theorem 1.1. The method is as used in [3]. Because of the triviality for n = 3, we can assume
that n 4. Take any k positive rational solutions (xi1, . . . , xin), where xi1 = 1, . . . , xi,n−3 = 1, of (2.2).
Let d = lcmi, j (xij , j = 1, . . . ,n, i  k), we set
xij = aij
d
, aij ∈N− {0},
(
gcdi, j(aij),d










aij = 2ndn (i  k), (3.1)
hence
gcdi, j(aij) = 1.
For two sets of solutions {(xi1, . . . , xin), i  k} and {(x′i1, . . . , x′in), i  k}, if the sets of n-tuples{(ai1, . . . ,ain), i  k} and {(a′i1, . . . ,a′in), i  k} coincide, then we have d = d′ by (3.1). Hence, the
sets of solutions themselves coincide. From Lemmas 2.1 and 2.2, there are inﬁnitely many choices of
k elements from an inﬁnite set, then for every k there exist inﬁnitely many primitive sets of k n-tuples
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∑
1l<mn xlxm and
the same product. 
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